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, LK Mints Arai Mints
[1, 2, 4] . , Gentzen cut elimination theorem $(\mathrm{c}\mathrm{f}.[3])$
. cut elimination theorem $\omega$ ,
LK . – , Mints $\epsilon 0$
, $\mathrm{P}\mathrm{A}$ $\langle$ . Arai Mints – ,
$\mathrm{P}\mathrm{A}$ \mbox{\boldmath $\omega$}- .
1
Mints Arai Mints , ,
$\mathrm{P}\mathrm{A}$ . , PA
.
Notation .
$\ulcorner t^{\urcorner}$ : term $t$ G\"odel number numeral
$\ulcorner A^{\urcorner}$ : $A$ G\"odel number numeral
$\mathrm{n}\mathrm{u}\mathrm{m}(x)$ : $n$ , $n$ numeral G\"odel number
. , $\mathrm{n}\mathrm{u}\mathrm{m}(\overline{n})=\overline{n}^{\urcorner}\ulcorner$ .
sub$(x,y, \chi)$ : $A(x)$ G\"odel number $x$ G\"odel number term $t$
G\"odel number , $A(t)$ G\"odel number
. , sub$(^{\ulcorner}A(x)\urcorner, \ulcorner X,t^{\urcorner}\urcorner\ulcorner).=A\ulcorner(t)^{\urcorner}$.
$\ulcorner A(\dot{x})^{\urcorner}$ : sub$(^{\ulcorner}A(_{X})^{\urcorner}, \ulcorner x, \mathrm{n}\urcorner \mathrm{u}\mathrm{m}(x))$
end$(x)$ : $\pi$ G\"odel number $\pi$ end sequent G\"odel number
.
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{v}_{A(X)}y$, $\cdot$.$\cdot$ canonical proof predicate for atheory $A$.
$\mathrm{P}\mathrm{r}_{A(_{X)}}$ : $\exists y\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{v}A(y,X)$
$x\in\Sigma_{k}(\mathrm{I}\mathrm{I}_{k})$ : $\cdot$ “$x$ $\Sigma_{k}(\Pi_{k})$ -sentence ” $\mathrm{p}.\mathrm{r}$ . predicate.
$\mathrm{T}\mathrm{r}_{\Sigma_{k}}(x)$ : partial truth definition for $\Sigma_{k}$-sentence.
$\mathrm{t}\mathrm{R}\mathrm{n}k(x)$ : partial truth definition for II$k$ -sentence.
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, Prov$A(y, x)$ $x\in\Sigma_{k}(\mathrm{I}\mathrm{I}_{k})$ $\mathrm{q}\mathrm{f}$- , $\mathrm{P}\mathrm{r}_{A}(x)$ (
$\Sigma_{1}$ - , $\mathrm{T}\mathrm{r}\Sigma_{k}(x)$ [ \Sigma k-
, $\mathrm{T}\mathrm{r}_{\Pi_{k}}(x)$ k-




$\mathrm{R}\mathrm{F}\mathrm{N}(A)$ : $\forall x$ [$\mathrm{p}_{\mathrm{r}}\mathrm{o}\mathrm{v}A(_{X,\mathrm{e}}\mathrm{n}\mathrm{d}(x))$ A end $(x)\in\Sigma_{k}\supset \mathrm{T}\mathrm{r}_{\Sigma_{k}}(\mathrm{e}\mathrm{n}\mathrm{d}(x))\backslash$] $(k\in\omega)$
$\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{\mathfrak{n}}}(A)$ : $\forall x$ [ $\mathrm{o}\mathrm{v}A(_{X,\mathrm{e}}\mathrm{n}\mathrm{d}(x))$ A end $(x)\in\Sigma k\supset \mathrm{T}\mathrm{r}\Sigma_{k}(\mathrm{e}\mathrm{n}\mathrm{d}(x))$] $(k\leq n)$
$\mathrm{R}\mathrm{F}\mathrm{N}_{\mathrm{n}_{\mathfrak{n}}}(A)$ : $\forall x$ [$\mathrm{p}_{\mathrm{r}}\mathrm{o}\mathrm{v}A(_{X,\mathrm{e}}\mathrm{n}\mathrm{d}(X))$ A end$(X)\in\Pi_{k}\supset \mathrm{T}\mathrm{r}_{\Pi_{k}}(\mathrm{e}\mathrm{n}\mathrm{d}(X))$ ] $(k\leq n)$
$\omega-\circ \mathrm{O}\mathrm{N}\mathrm{G}(A)$ : $\forall A[\mathrm{p}_{\mathrm{r}_{A}}(^{\ulcorner}\exists XA(X)\urcorner)\supset\exists x\neg \mathrm{p}_{\mathrm{r}}A(\ulcorner\neg A(\dot{x})\urcorner)]$
k-CON$(A)$ $\sim$. $\forall A\in\Pi_{k1}-[\mathrm{P}\mathrm{r}_{A}(^{\ulcorner}\exists XA(X)\urcorner)\supset\exists X^{\urcorner}\mathrm{P}\mathrm{r}A(\ulcorner_{\neg}A(\dot{X})^{\urcorner})]$
, .
1.1 ( $\mathrm{S}\mathrm{m}\dot{\mathrm{o}}$ryn’ski [5, 6]) $A$ . , PRA .
1. $\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{\mathfrak{n}}}(A)$ $rightarrow$ $\mathrm{R}\mathrm{F}\mathrm{N}_{\Pi_{\mathfrak{n}+1}}(A)$.
2. $\omega- \mathrm{C}\mathrm{o}\mathrm{N}^{\mathrm{G}}(A)$ $rightarrow$ $\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(A+\mathrm{R}\mathrm{F}\mathrm{N}(A))$.
3. k-CON$(A)$ $rightarrow$ $\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(A)$, $k=1,2$ .
4. k-CON$(A)$ $rightarrow$ $\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(A+\mathrm{R}\mathrm{F}\mathrm{N}\Pi k(A))$ , $k\geq 2$ .
, Reflection principle $C_{n}$ .
1.2 , , .
1. $\mathcal{B}_{0}$ conjunction . ($B0\in$ )
2. $F$ $a$ , $\mathrm{I}\mathrm{A}_{F}(a)$ .
$\mathrm{I}\mathrm{A}_{F}(a)$ : $\forall\overline{x}[\mathcal{B}_{0}\wedge F(\mathrm{o})\wedge.\forall X(F(X)\supset F(x’))\supset p(a)]$
( , $n$ $F$ $\vdash \mathrm{I}\mathrm{A}_{\mathrm{F}}(\overline{n})$ )
3. Ind qf-Ind .
Ind : $\forall x\mathrm{I}\mathrm{A}_{F}(X)$ ( $\mathrm{F}$ )
$\mathrm{q}\mathrm{f}$-Ind : $\forall x\mathrm{I}\mathrm{A}_{F(}X$)($\mathrm{F}$ quantifier free )
4. $C_{n}$ .
$C_{0}$ : conjunction ( , $B_{0}$ )
$C_{n+1}$ : $\mathrm{q}\mathrm{f}- \mathrm{I}\mathrm{n}\mathrm{d}+cn+\mathrm{R}\mathrm{F}\mathrm{N}(c_{\mathfrak{n}})$
.
1.2 $\mathrm{P}\mathrm{R}\mathrm{A}\vdash C1rightarrow \mathrm{P}\mathrm{A}$
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2 Mints
, Mints [1] . , LK
. , $”\vdash\Gammaarrow\Delta$” , LK sequent $\Gammaarrow\Delta$ .
21 $I$ , $a$ , upper sequent , lower sequent
, eigenvariable , $a$ $I$ redundant . ,
$\pi$ , $a$ redundant , $a$ $\pi$ redundant
.
21 $a$ , redundant .
$\frac{A(a)arrow\exists xA(X)}{\forall xA(x)arrow\exists xA(x)}$
22 , $A$
, redundant .
1. $A$ $I$ upper sequent , .
2. $A$ $I$ upper sequent , .
$\mathrm{f}\mathrm{f}\mathrm{i}|\rfloor 2.2$





2.1 (Mints) . , ,
end sequent $\dot{\mathrm{f}}rreduCible$ .
Mints [4] model theoreitc proof theoretic ( )
. , Arai [1] .
2.1 PA
$\mathrm{P}\mathrm{A}$ . , $F_{1},$ $\ldots$ , ,
$C_{0},\forall x\mathrm{I}\mathrm{A}_{F}1(x),$ $\ldots,\forall x\mathrm{I}\mathrm{A}_{F_{\mathfrak{n}}}(x)arrow$ (1)
. Mints sequent (1) irreducible $\pi$ . $c_{\mathit{0}}$
: $\forall x\mathrm{I}\mathrm{A}_{F:}(X)$ .
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$I$ , $\forall x\mathrm{I}\mathrm{A}_{F_{k}}(x)$ , $\pi$ .
:
:
$\frac{\forall\overline{x}[C_{0}\wedge F_{k}(0)\wedge\forall X(F_{k}(X)\supset F_{k}(xJ))\supset Fk(t)],\Gammaarrow\Delta}{\forall y\forall\overline{x}[C_{0}\wedge Fk(0)\wedge\forall X(F_{k}(X).’.\supset F_{k}(X))\supset Fk(y)],\Gammaarrow\Delta}..’ I$
$C0,\forall x\mathrm{I}\mathrm{A}_{F}1(x),$ $\ldots,\forall x\mathrm{I}\mathrm{A}_{F_{\mathfrak{n}}}(x)arrow$
, $I$ end sequent $\forall x\mathrm{I}\mathrm{A}_{F(x)}$
, , cut , $C_{0}$
\neg : , \triangle : \forall : . end sequent
, $\pi$ redundant , $I$ upper sequent
. , $t$ closed term .
$t$ closed term , $\forall\overline{x}[C0\wedge F_{k}(0)\wedge\forall x(F_{k}(X)\supset F_{k}(x)’)\supset F_{k()]}t$ ,




$(arrow)$ “PA $\vdash\exists xA(x)\Rightarrow\exists xA(x)$ ” PRA . ( ,
$A(x)\in \mathrm{I}\mathrm{I}_{1}$ ) , $\mathrm{P}\mathrm{A}\vdash\exists xA(X)$ $\exists xA(x)$ .
$\mathrm{P}\mathrm{A}\vdash\exists xA(x)$ Mints ,
$\Gammaarrow\exists x(C0\wedge A(_{X}))$
irreducible $\pi$ . , $\Gamma$ $c_{0}$ $\forall x\mathrm{I}\mathrm{A}p(X)$
. $C_{0}$ , $\forall x\mathrm{I}\mathrm{A}_{F}(x)$ $\exists x(C_{0\wedge}A(x))$
. $I$ . $I$
$\forall x\mathrm{I}\mathrm{A}_{F(x)}$ , $\pi$ irreducible




$\Gammaarrow\exists x$ ( $C_{0}$ A $A(x)$ )
$I$ . , $t$
closed term .
, $\exists xA(x)$ $\forall x\urcorner A(x)$ . $\urcorner A(x)$ $\Sigma_{1}$- , $\Sigma_{1^{-}}$
completeness , closed term $t$ $\vdash C_{0}arrow\neg A(t)$ , $\vdash C_{0}\wedge A(t)arrow$




24 $A$ , $d(A)$ $A$ .
25 $I$ , degree $d(I)$ .
$d(I)=\{$
$d(C)$ $I$ cut $C$ cut
$\max${$d(A):A$ $I$ } $I$
$0$
$\mathit{0}.w$ .
26 $\pi$ , $S$ $\pi$ sequent . , $S$ $h(S;\pi)$ (
$h(S)$ ) .
1. $S$ end sequent , $h(S)=0$.
2. $S$ $I$ upper sequent , $I$ lower sequent $S_{1}$ , $h(S_{1})$
. , $h(S)= \max\{h(s1), d(I)\}$ .
, , sequent $\epsilon_{0}$
, $\epsilon_{0}$ .
2.7 $\pi$ , $S$ $I$ $\pi$ sequent . ,




1. $S$ initial sequent , $O(S)=1$ .
2. $I$ upper sequent $S_{1}(S_{2})$ , $O(S_{1})(O(S_{2}))$ .
, $O(I)$ . .
(a) $I$ cut , $O.(I)=o(s_{1})$ .
(b) $I$ cut , $O(I)=o(s1)\# O(S_{2})$ .
(C) $I$ ,
$O(I)=\{$
$o(g_{1})\#\omega d(I)$ $I$ – upper sequent
$O(g_{1})\# O(s_{2})\#\omega^{d}(I)$ $I$ — upper sequent .
3. $S$ $I$ lower sequent , $O(I)$ . , $O(S)$
.
$O(S)=\omega_{\rho-}\sigma(o(I))$ .
, $\rho$ $S$ $\sigma$ $I$ lower sequent . , $\omega_{0}(\alpha)=\alpha,$ $\omega_{n+1(\alpha)}=$
$\omega^{(v_{n}(\alpha)}$ .
, $\pi$ ordinal $O(\pi)$ $\pi$ end sequent $S$ ordinal $O(S)$
.
2.8 $\pi$ . sequent $S$ , $S$
, $S$ $\pi$ end place . $\pi$




$\prec$ order tyPe $\epsilon_{0}$ canonical ordering , $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{g}\prec(A)$ $\forall x(\forall y\prec$
$xA(y)\supset A(x))$ .
, $A(\alpha)$ .
$\forall\pi$ : [$O(\pi)=\alpha\supset\exists\pi’$ : $($ “ $\pi’$ irreducible” &end $(T’)=\mathrm{e}\mathrm{n}\mathrm{d}(\pi))$]
, $\forall\alpha A(\alpha)\Leftrightarrow(‘ \mathrm{M}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{s}$ ” $A(\alpha)\in\Pi_{3}$
$\mathrm{P}\mathrm{R}\mathrm{A}\vdash \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{g}\prec(A)$ . ,
$\mathrm{P}\mathrm{R}\mathrm{A}\vdash \mathrm{P}\mathrm{r}_{\mathrm{P}\mathrm{A}}(\ulcorner \mathrm{P}\mathrm{r}\mathrm{o}\mathrm{g}_{\prec}(A)\urcorner)$
, Gentzen
$\mathrm{P}\mathrm{R}\mathrm{A}\vdash\forall\alpha \mathrm{P}\mathrm{r}_{\mathrm{P}}\mathrm{A}(\ulcorner \mathrm{P}\mathrm{r}\mathrm{o}\mathrm{g}\prec(A)\supset A(\dot{\alpha})^{\urcorner})$
,




$\mathrm{P}\mathrm{R}\mathrm{A}\vdash \mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(\mathrm{p}\mathrm{A})arrow u_{{\rm Min} \mathrm{t}\mathrm{s}}$ ”.
, “$\forall\beta\prec\alpha A(\beta)\Rightarrow A(\alpha)$” PRA . $\pi$ , $\forall\beta\prec\alpha A(\beta)$
$O(\pi)=\alpha$ . , \mbox{\boldmath $\pi$}, end sequent irreducible




ordinal , ordinal .















, $O(\pi’)\prec O(\pi)$ . , $\forall\beta\prec\alpha A(\beta)$ , $\pi$ end sequent
irreducible .
3. end place cut initial sequent .
$\pi$ .
$Darrow D$







, $O(\pi’)\prec O(\pi)$ . , $\forall\beta\prec\alpha A(\beta)$ , $\pi$ end sequent
irreducible .





, $I$ upper sequent $\rho$ , lower sequent $\sigma$ .
$I$ redundant $\vdasharrow A$ . , $arrow A$ cut free
. , $\pi$ $\pi’$ .
$. \cdot.\cdot\frac{arrow AA,\Lambdaarrow\Pi}{\frac{\Lambdaarrow\Pi}{A\wedge B,.\Lambdaarrow\Pi}}.\cdot..\cdot I’$
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, $I’$ upper sequent $\rho$ , lower sequent $\sigma$ . ,
$arrow A$ cut free ,
, $A$ . , $O(arrow A;\pi’)\prec\omega^{d(A)}$ . ,




$O(\pi’)\prec O(\pi)$ . , $\forall\beta\prec\alpha A(\beta)$ , $\pi$ end sequent
irreducible .











, $O(\pi’)\prec O(\pi)$ . , $\forall\beta\prec\alpha A(\beta)$ , end sequent
$\Gamma_{1},$ $A\wedge B,\Gamma 2,$ $Aarrow\Delta$ irreducible $\pi_{1}$ . $\pi_{1}$ $\pi_{2}$
.
$\pi_{1}.\cdot$.
$\frac{\frac{\Gamma_{1},A\wedge B,\Gamma_{2},Aarrow\Delta}{\overline{A,\Gamma_{1},A\wedge B,\Gamma_{2^{arrow}}\Delta}}}{\frac{\underline{A\wedge B,\Gamma_{1},A\wedge B,\Gamma_{2^{arrow}}\Delta}}{\Gamma_{1},A\wedge B,\Gamma_{2^{arrow}}\Delta}}$
$I$ redundant , $\mapsto A$ . $\pi_{2}$ $\pi$ end sequent
irreducible .
6. implicit .
, cut cut $I$ .
8
$\pi$ .
$\frac{\Lambda_{\iota}arrow\dot{\Pi}.1A(a)}{\Lambda_{1}arrow\Pi_{1}k\forall xA(x)}.\cdot.,I_{1}$ $\frac{A(t),\Lambda_{3}arrow\Pi_{3}}{\forall xA(_{X}),\Lambda_{3}arrow^{\Pi_{3}}}.\cdot.\cdot I_{2}$
: :










$\overline{\overline{\Lambda_{1}arrow A(t),.\cdot \mathrm{I}\mathrm{I}_{1},\forall xA(x)}}$
.
. $\cdot$ .$\cdot$ $\overline{\overline{\forall xA.(x),\Lambda 3..\cdot’ A(t5)arrow \mathrm{I}\mathrm{I}_{3}}}$
$. \cdot.\frac{\Lambda_{2}arrow A(t),\Pi 2\forall xA(x)\forall xA(_{X}),\dot{\Lambda}_{4}arrow\Pi_{4}}{\Lambda_{2},\Lambda_{4}arrow A(t),\mathrm{n}2,\Pi_{4}}$







, $o(\pi’)\prec O(\pi)$ . , $\forall\beta\prec\alpha A(\beta)$ , $\pi$ end sequent
irreducible .
, $\pi$ end sequent irreducible . $\dashv$
3 Arai Mints
, Arai Mints $(\mathrm{c}\mathrm{f}.[2])$ .
3.1 $A_{0},$ $\ldots$ ,A sentence . , $i\leq n$ $\Lambda_{i}$ $A_{\mathfrak{i}}$
sentence , $\pi$ Ao, ... , $\Lambda_{n},\Gammaarrow\Delta$ .
1. $A$ $\pi$ . $A$ $\Lambda_{i}$ , $A$ i-traceable
, $\Gamma$ $\Delta$ , $(n+1)$-traceable .
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2. $A$ $\pi$ $(i+1)$-traceable . $A$ , (a)
, $A_{0},$ $\ldots,$ $A_{n}$ left redundant , (b) ,
$A_{0},$
$\ldots,$
$A_{n}$ right redundant .
(a) $A$ sequent , $A_{0},$ $\ldots,$ $A_{i}\vdash A$ .
(b) $A$ sequent , $A_{0},$ $\ldots,$ $A_{i}\vdash\neg A$ .
3. $I$ $\pi$ . , $I$
$F$ $A_{0},$
$\ldots,$
$A_{n}$ left right redundant , $I$ , ... , $A_{n}$
redundant .
4. $\pi$ , $A_{0},$ $\ldots$ , $A_{n}$ irreducible .
(a) cut .
(b) redundant .
(c) $A0,$ $\ldots,$ $A_{n}$ redundant .
.
3.1 (Arai&Mints) . , $A_{0},$ $\ldots,$ $A_{n}$




end sequent $A_{0},$ $\ldots,$ $A_{n}$ iweducible .
. , $\neg,$ $\wedge$ $\exists$ .
$A_{0},$ $\ldots,A_{n},\Gammaarrow\Delta$
end sequent $A_{0},$ $\ldots$ , $A_{n}$ irreducible .
, sequent node , $A_{0},$ $\ldots$ , $A_{n},$ $\Gammaarrow\Delta$ root tree $T_{\omega}$
. , 31 .
, term $\leq n\mathcal{A}$ , $t_{0},$ $t_{1},t_{2},$ $\ldots$ $F_{0},$ $F1,$ $F2,$ $\ldots$
– .
, tree $T_{i}(i\in\omega)$ .
1. $T_{0}$ $A_{0},$ $\ldots,$ $A_{n},\Gammaarrow\Delta$ tree.
2. $T_{n+1}$ $T_{n}$ top node sequent , active sequent A $arrow\Pi$
sequent(s) tree . , active sequent ,
sequent .
(a) $n=3k+1$ . , .
$\neg A_{0},$
$\ldots,$
$\neg A_{\mathrm{p}}$ : A $\neg C$
$\urcorner B_{0},$
$\ldots,$








sequent , $A_{0},$ $\ldots,$ $A_{P}$ $A_{0},$ $\ldots,$ $A_{n}$ right redundant
, $B_{0},$ $\ldots$ , $B_{q}$ $A_{0,..*},$ $A_{n}$ left redundant
sequent $\Lambdaarrow\Pi$ .
(b) $n=3k+2$ . , .
$A_{0^{\wedge A}0}^{01},$
$\ldots,$
$A_{p^{\wedge A_{p}}}^{01}$ : A $C\wedge D$
$B_{0^{\wedge B}0}^{01},$
$\ldots,$
$B_{qq}^{0_{\wedge B^{1}}}$ : $\Pi$ $C\wedge D$
, sequent .
$F_{3k+2}$ , $A_{0}^{0},$ $A^{1}0’\cdots,$ $A_{p}^{0},$ $A^{1}\mathrm{P}$ ’A $arrow\Pi,$ $B_{0}^{\tau_{\mathrm{O}}},$ $\ldots,$ $B_{q^{q}}^{\tau}$ , $\tau_{i}=0,1(i\leq q)$
sequent , $A_{0}^{0},$ $A^{1}0’\cdots,$ $A_{p}^{0},$ $A_{p}^{1}$ $A_{0},$ $\ldots,$ $A_{n}$ left redundant
, $B_{0}^{\tau_{0}},$ $\ldots,$ $B_{q}^{\tau_{q}}$ $A_{0},$ $\ldots,$ $A_{n}$ right redundant
sequent $\Lambdaarrow\Pi$ .
(c) $n=3k+3$ . , .
$\exists xA_{0}(x),$
$..\cdot$
. $,$ $\exists xA(pX)$ : A $\exists xD(x)$
$\exists xB_{0}(x),$
$\ldots,$
$\exists xB_{q}(X)$ : $\Pi$ $\exists xD(x)$
, sequent .
$F_{3k+3},$ $A_{0(}a_{i_{\mathrm{o}}}),$ $\ldots$ , $A_{p}(a_{i_{\mathrm{p}}}),\Lambdaarrow \mathrm{I}\mathrm{I},B_{0}(t_{0)},$ $\ldots$ , $B_{0}(t_{k}),$ $\ldots$ , $B_{q}(t_{0}),$ $\ldots$ , $B_{q}(t_{k})$
, $a_{i_{0}},$ $\ldots,$ $a_{i_{p}}$ $\Lambdaarrow\Pi$ $P$ .
sequent , $A_{0}(a_{i_{\text{ }}}),$ $\ldots,$ $A_{p}(a_{i_{p}})$ $A0,$ $\ldots,$ $A_{n}$ left redundant
, $B_{0}(\iota_{0}),$ $\ldots,$ $B_{0}(t_{k}),$ $\ldots,$ $B(q)t_{0},$ $\ldots,$ $B_{q}(t_{k})$ $A_{0},$ $\ldots,$ $A_{n}$
right redundant $\Lambdaarrow\Pi$
sequent $\Lambdaarrow\Pi$ .
$T_{\omega}= \bigcup_{i\in\omega}T_{i}$ . T path , TT
$A_{0},$ $\ldots,A_{n},\Gammaarrow\Delta$
end sequent $A_{0},$ $\ldots,A_{n}$ irreducible .
, . , path $\mathcal{W}$ . $\mathcal{W}$ sequent
$\mathcal{W}_{\dot{a}}$ , $\mathcal{W}_{\theta}$ .
, $\mathcal{W}_{a}$ $\mathcal{W}_{s}$ .
(atomic) W $\mathcal{W}_{s}$ .
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$(\neg)\neg C\in \mathcal{W}_{a}(\mathcal{W}_{S})$ , $C$ $\mathcal{W}_{s}(W_{a})$ $A0,$ $\ldots,$ $A_{n}$ right
(left) redundant .
(\wedge : ) $C\wedge D\in \mathcal{W}_{a}$ , $C$ $D$ , $\mathcal{W}_{a}$ $A_{0},$ $\ldots,$ $A_{n}$
left redundant .
(\wedge : ) $C\wedge D\in \mathcal{W}$ $(\mathcal{W}_{s})$ , $C$ $D$ , $W_{s}$ $A_{0},$ $\ldots$ , $A_{n}$
right redundant .
(\exists : ) $\exists xC(x)\in \mathcal{W}_{a}$ , $a$ , $C(a)$ $\mathcal{W}_{a}$
$A_{0},$
$\ldots,$
$A_{n}$ left redundant .
(\exists : ) $\exists xC(x)\in \mathcal{W}_{s}$ , term $t$ , $C(t)$ $W_{s}$
$A_{0},$
$\ldots,$
$A_{n}$ right redundant .
$\mathcal{M}$ . $\mathcal{M}$ universe term .
$c$
$c^{\mathrm{A}4}$
$c$ . $f$ $f^{\lambda 4}$ $f^{\Lambda 4}(t_{0}, \ldots, t_{n})=f(t_{0}, \ldots,t_{n})$
. $P$ $P^{\lambda 4}$ $(t_{0}, . ., , t_{n})\in P^{\mathrm{A}4}\Leftrightarrow P(t_{0}, \ldots , t_{n})\in \mathcal{W}_{a}$ .
, $\sigma$ $a$ $a(\in|\lambda 4|)$ assignment . , .
[$A\in W_{a}\ A$ $i- \mathrm{t}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{e}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}\Rightarrow(\Lambda 4,$ $\sigma)\models A$] $\$ [$A\in W_{\mathrm{C}}\ A$ $i- \mathrm{t}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{e}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}\Rightarrow(\mathcal{M},$ $\sigma)\# A$]
, $i$ $d(A)$ (cf. 24) 2 . $A_{i}$ $\Gamma$








. , . $\dashv$
3.1 $C_{n+1}$ 12 . ,
$\mathrm{P}\mathrm{R}\mathrm{A}\vdash ttArai$ n ” $arrow \mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(c_{\mathit{7}}\mathrm{L}+1)$ .
$C_{n+1}\vdash\exists XA(X)$ $\exists xA(x)$ . , $A(x)$ 1-
.
$C_{0},$ $\ldots,C_{n}$ Arai Mints $C_{n+1}\vdash\exists XA(x)$ ,
$C_{0},$ $\ldots,C_{n},C_{n+1}arrow\exists xA(x)$




$I$ $\exists xA(x)$ . ( , $\exists xA(X)-$ $(n+1)$-traceable )
$\exists xA(x)$ , closed term $\neg A(t)$ , \Sigma 1-
. , $\Sigma_{1}$ -completeness $\vdash C_{0}arrow\urcorner A(t)$ . , $\vdash C0,$ $\ldots,C_{n}arrow\neg A(t)$
. $-\dot{\zeta}\text{ }$ , 22 $\pi$ irreducible .
, $I$ qf-Ind 21 $\pi$ irreducible
.
, $I$ , $\mathrm{R}\mathrm{F}\mathrm{N}(c_{i})(i\leq n)$ . (
, $\mathrm{R}\mathrm{F}\mathrm{N}(C_{i})$ $(i+1)$-traceable ) , $\pi$ .
$. \frac{\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{v}c.(t,\mathrm{e}\mathrm{n}\mathrm{d}(t))\wedge \mathrm{e}\mathrm{n}\mathrm{d}(l)\in\Sigma k\supset \mathrm{T}\mathrm{r}\Sigma_{k}(\mathrm{e}\mathrm{n}\mathrm{d}(t)),\Lambdaarrow^{\Pi}}{\mathrm{R}\mathrm{F}\mathrm{N}(C_{i}),\Lambdaarrow\Pi}.I$...
$C_{0},$
$\ldots$ , $C_{n},C_{n+1}arrow\exists xA(x)$
21 $I$ . , closed
term .




$\vdash C_{0},$ $\ldots,C_{i}arrow(\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{v}_{C}.\cdot(t,\mathrm{e}\mathrm{n}\mathrm{d}(t))\wedge \mathrm{e}\mathrm{n}\mathrm{d}$. $(i)\in\Sigma_{k}\supset \mathrm{T}\mathrm{r}_{\Sigma_{k}}(\mathrm{e}\mathrm{n}\mathrm{d}(t)))$
, $\pi$ irreducible .
, Provc, $(t,\mathrm{e}\mathrm{n}\mathrm{d}(t))\wedge \mathrm{e}\mathrm{n}\mathrm{d}(t)\in\Sigma_{k}$ . $t$ closed term $\ulcorner C^{\urcorner}=\mathrm{e}\mathrm{n}\mathrm{d}(t)$
$C$ . Provc, $(t,\mathrm{e}\mathrm{n}\mathrm{d}(t))$ , $\vdash C_{i}arrow C$ . , end$(t)\in\Sigma_{k}$




$\vdash C_{0},$ $\ldots,C_{i}arrow(\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{v}c:(t,\mathrm{e}\mathrm{n}\mathrm{d}(t))$ Aend$(t)\in\Sigma_{k}\supset \mathrm{T}\mathrm{r}_{\Sigma_{k}}(\mathrm{e}\mathrm{n}\mathrm{d}(t)))$
, $\pi$ irreducible .
, $C_{n+1}\vdash\exists XA(X)$ $\exists xA(x)$ . $\dashv$
, . 22
. [2] .
32 $C_{n+1}$ L2 . ,
$\mathrm{P}\mathrm{R}\mathrm{A}\vdash \mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(cn+1)arrow ttArai$ n ”.
, $\mathrm{P}\mathrm{A}$ $\omega$-consistent .
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3.2 PA $\omega$-consistent .
, $C_{0}$ $C_{1}$ Arai Mints , $\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(C_{2})$ .
$C_{2}=\mathrm{q}\mathrm{f}-\mathrm{I}\mathrm{n}\mathrm{d}+C_{1}+\mathrm{R}\mathrm{F}\mathrm{N}(c_{1})$ PRA $C_{1}$ PA (cf. 1.2)
, PRA $C_{2}$ PA+RFN(PA) . , $\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(\mathrm{P}\mathrm{A}+\mathrm{R}\mathrm{F}\mathrm{N}(\mathrm{p}\mathrm{A}))$
. , 11 PRA $\mathrm{R}\mathrm{F}\mathrm{N}_{\Sigma_{2}}(\mathrm{P}\mathrm{A}+\mathrm{R}\mathrm{F}\mathrm{N}(\mathrm{p}\mathrm{A}))$ $\omega-\mathrm{C}\mathrm{o}\mathrm{N}\mathrm{G}(\mathrm{p}\mathrm{A})$
. , PA $\omega$-consistent $\dashv$
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